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^ , Abstract 

^ . It is well known that there is a total cancellation of the factorizable IR divergences 

^! in unitary interacting field theories, such as QED and quantum gravity. In this note we 

0-(, show that such a cancellation does not happen in QED with background electric fields 

r-| I which can produce pairs. There is no factorization of the IR divergences. 

^ ■ 1 Introduction 

^ [ The particle creation in external fields is among the most interesting problems in 

O I quantum field theory. The effect of pair creation in QED with external electric field was 

investigated from different points of view in many places. The pair creation rate was 
calculated in [1]. 

O ■ There are two reasons why we would like to address QED in electric field background. 

The first one is that we would like to define an appropriate setting to take into account 
the back-reaction of the pair production on to the external field. The second reason of 
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^ • considering the QED with background electric field is its similarity with QFT on curved 

de Sitter background, which goes beyond [2] the pair creation [3], [4] and acceleration of 
particles. 

In particular, here we are interested in the IR behavior of QED with electric field 
background. It is well known that there is total cancellation of IR divergences in QED 
without background fields [5]. The latter consideration can be linked to the fact that 
mass-shell electrons can not radiate mass-shell photons. In fact, consider the process 
e~ 7+e~*. Obviously the amplitude of this process in the leading order is proportional 



to: 



A oc (0, outlay J dtHintit) a+|0, in) oc j d^xe'^^-"-^'^'' oc 5^^) {p - q - k) 
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i.e. obviously there is the energy-momentum conservation at the vertex in QED, if there 
are no any background fields: p = k + q, where p.q.k - are momenta of the incoming 
electron and outgoing photon and electron, respectively; Hint ^ is the QED interaction 
Hamiltonian describing the interactions between electrons and photons. All of the three 
legs of the amplitude are on-shell. Hence, /c^ — = — = and = 0. Due to 
the latter relations the argument of the 5-function is never zero. Hence, the amplitude 
is zero, which just means that there is no radiation on mass-shell. 

However, if one of the particles is off-shell, say k"^ —rn? = A, where A is the virtuality, 
then for the amplitude to be non-vanishing it has to be that A = — 2p?. Such a 
dependence of A on g is important for the factorization of IR divergences, which, in 
turn, is important for their cancellation to all orders [5], [6]. Note that such a relation 
between the virtuality of the matter field and the momentum of the radiated particle is 
a very special situation following from the energy-momentum four-vector conservation 
at the vertices and from the standard dispersion relations. 

Let us sketch here the physical meaning of the cancellation of the IR divergences. 
One can immediately notice that loop corrections to any processes in QED have IR 
divergences, which are all of the same order (independently of the number of loops) as 
the IR cut-off parameter is taken to zero [5], [6]. E.g. the first loop corrections have a 
characteristic IR divergence as follows: 



with the cut-off mo 0. Due to the factorization of the IR divergences higher loops 
bring just powers of such an expression [5]. Because of such contributions, if the IR 
cut-off is taken to zero, all the cross-sections in QED appear to be zero, which is quite 
puzzling. 

The resolution of this problem comes with the understanding that any scattering 
process of hard particles is accompanied with the emission of the tree level soft photons 
(because electrons do accelerate during the scattering process) [5]. As the result the 
cross-sections of hard processes are dressed with the powers (due to the factorization) 
of the contribution as follows. The amplitude for the emission of a soft photon (with the 
momentum |g] — > 0) is proportional to the propagator of the virtual particle, which, in 
its own right, is proportional to its inverse virtuality 1/A oc l/{pq). The latter behavior of 
the propagator follows from the presence of the above mentioned 5-function (enforcing 
energy conservation) in the interaction vertex. 

Thus, after the integration over the invariant phase volume of the emitted photon, 
the factor contributing to the cross-section is proportional to [5]: 



Such contributions come exactly with the appropriate signs to cancel the above men- 
tioned loop IR divergences [5]. Higher loops are cancelled by multiple photon emissions. 
On the other hand, from the very beginning one can dress electron legs with soft photon 
legs and avoid IR divergences both in loops and tree-level contributions [7]. 
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The general goal of this note is to show that considering QFT in background fields 
should lead to some problems through one or another way, if the background field 
is taken into account as the source and if one uses in calculations the exact matter 
harmonics in the background fields (corresponding to the excitations above false vacuum 
state) instead of the standard plain waves (corresponding to the excitations above the 
correct vacuum). The reason why we expect such problems is that, if the background 
field is taken as classical and fixed (rather than as a quantum state) and if one does not 
take into account back-reaction, this makes the system non-closed and should lead to 
some inconsistences. 

In these notes we show that there is no cancellation of IR divergences in QED 
with background electric field. It happens because, due to the presence of background 
fields, we do not have energy-momentum four-vector conservations at the vertices. Of 
course the total energy of the background field and of the particles participating into 
reactions is conserved, if one takes into account the back-reaction. However, if the 
background field is considered as fixed, and one looks only at the four-momenta of the 
particles participating into the reactions then these momenta do not obey the energy 
conservation condition. 

As the result, the virtuality of a matter field, participating into a reaction, is not 
related to the momentum of the radiated photon and there is no factorization of the 
IR divergences. Moreover, the standard procedure a la Bloch and Nordsiek [7] does 
not apply to the case of the presence of background fields. Concisely, the method 
works as follows. One dresses external electron legs with soft photon field, which is 
not capable of creating pairs. Corresponding vacuum polarization operator is equal to 
one. However, in the presence of the external field capable of creating pairs there is 
always vacuum polarization, because in this case QED is build on the unstable (false) 
vacuum constructed via creation and annihilation operators of the exact harmonics in 
the background field. For the same reason the Lee and Nauenberg theorem [8] does not 
apply in the case under consideration, because in the presence of the background fields 
in-vacuum state does not coincide with the out-vacuum. 

Thus, we see that the standard methods of the cancellation of the IR divergences 
do not work in background fields. If the IR divergences do not cancel, then, as we 
discuss in the main body of the paper, this should lead to many problems even at the 
leading order. In particular, it could lead to such problem as the presence of the infinite 
electron self-energy. We do not declare that IR divergences definitely do not cancel, 
but obviously one should take our observation as a problem, which should be resolved 
somehow. 

It can be shown [9] that, if background electric field creates a finite number of pairs, 
then one can build a unitary S'-matrix in the theory. However, if the background field is 
capable of creating infinite number of pairs, then the corresponding evolution operator 
even is not unitary [9]. Such a situation for QED with background electric fields is rather 
unphysical, because the background field should contain infinite amount of energy to be 
able to create infinite number of pairs. However, it is exactly this situation which one 
encounters in a QFT in de Sitter space background [2], because to maintain de Sitter 
isometry one has to consider the space as being eternal and, hence, capable of creating 
infinite number of pairs. 
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2 Harmonics in pulse background 

In this section we examine the QED in the pulse electric field background: 

= (0;0,0,a tanhcti), ^=(0,0, 



aa 



cosh(Q;t)^ 



(1) 



Note that \E\ —>■ 0, as t ^ ±oo. Dirac equation is as usual: 

(i^-m)* = 0. (2) 

Here the covariant derivative is: = — ieA^. 

Solutions of this equation can be represented in the form: 

* = (i^+m)$, (3) 

where $ satisfies the equation, which is similar to the Klein-Gordon one: 

(5^5^ - 2ieA^'d^ - e^A^A^" + - ied^A^YY)^ = 0- (4) 

Since the operator ip+ m is twice degenerate we choose two independent solutions: 

Where Ri^2 are two eigenvectors of the matrix 7^7^ which correspond to the eigenvalue 
A = +1. In the standard representation of gamma-matrices: 
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These solutions will stay independent after the action of the operator ip+ m. 
Thus, functions (pi and </?2 satisfy the following equation: 



(5) 



leaa 



dij,d^ + 2ie tanh at ds + e^a^ tanh^ at + m^ - ^ 

cosh at 



We will look for the solutions of this equation in the following form: 
where Xk{t) satisfies: 



V9 = 0. 



Xk{t) + 



u:\t) 
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cosh at 



Xk{t) = 0. 



(6) 

(7) 
(8) 



Here uj'^{t) — k\-\-k2-\- {k^ + eatanh(Q;i)) + vr? . 

Positive energy solutions at the past infinity — > —00) have the following form [10]: 
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where 



(5 — —i9 — i/i — iiy; 7 = —i9 — 1/1 + ii/; 

SOL 

a 



2aii = -^A';2 + + (h^ - en)^ + m^; 
2aiy = ^kl + kl + {k^ + ea)^ + m^. 
Solutions of the Dirac equation are: 

Asymptotics of the functions (t) are [13]: 



(10) 



X^(^) 



:2° „-ia;_t. 



t— >— 00 



where a;± = Yimt^±ooU}{t). We see, that spinors (10) have the right asymptotics in the 
past to be the definite energy solutions: '^^j^ — {±]t + m) RrC^'^''^ , where kx — k^x^. 
The usual scalar product of the two solutions in question is: 



r,ki s,k2 



X 



XkXk - i{±k3 + eA3)xl do Xk + i^^{t)x*kXk 

— # — * — * — * 

x2 d{ki — k2)Srs — 4:UJ^:{uj^ + ksT ea) S{ki — k2)Srs,{ll) 



where Xk denotes, for short, (t) or Xfc (^) for ±-energy solutions respectively. 

Finally, with the normalization (11) the general solution of the Dirac equation in 
the external electric field in question can be written as: 



d^A; 



1 _ 1 _ 

■;/^Kk^r,k + ■;/^'^r,kKk 



where 



^i = ^K + ^3Tea)-^/2^±„ 



(12) 



(13) 



^r-,fe iK,k) annihilation operators of particles (antiparticles) with spin index r and 
momentum k. 

Now we can define the "in" vacuum state |0, in) as: a~|0, in) = 6^|0,in) = 0. The 
name for the state follows from the fact that the solution (12) consists of the in- 
harmonics, which behave as solutions of free Dirac equation with definite energies only 
as i — > —00. Hamiltonian has the following form [10]: 

n^J d'kukit) [Ek{t){ata^ - h-^ht) + Fk{t)atht + F*{t)h-^a-^] , (14) 

where Ek{t) and Fk{t) are constructed from the in-harmonics. It can be seen that as 
i — > 00, ii^fc(t) — > const, Fk{t) — > 0. The in- vacuum |0,in) is not an eigenvector of this 
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Hamiltonian at general values of t, which is directly related to the vacuum instability 
and pair creation. Note that the Hamiltonian under consideration is time dependent, 
because there is the time dependent background field. Hence, the energy is not conserved 
and the system in question is not a Hamiltonian one. However, we call the operator 
in question as the Hamiltonian because, using its T-ordered exponent in the second 
quantized formalism, we can build the Green function, which allows to construct the 
solutions of the corresponding Dirac equation (2). I.e. the latter Green function describes 
the time evolution in the system of the free fields. 

To diagonalize this Hamiltonian at i — > +00 (where Fk{t) ^ 0) one should consider 
Bogolyubov transformations [10]: 

here the operators with the tilde are the creation and annihilation operators for out- 
harmonics: out-harmonics are defined to be free definite energy spinors at future infinity, 
i.e. as i — > -|-oo. As the result we have such a situation that |0, in) 7^ (phase) |0, out) 
[10], unlike the case of QED without background fields. 

Now we would like to address the question of whether the on-shell electron (corres- 
ponding to the exact solution of the Dirac equation in the background field) can radiate 
photon or not. On general physical grounds one can definitely give the answer "yes" on 
this question, because electrons will accelerate under the action of the background field. 

But let us see formally how the things work. The problem is that due to the pair 
production in the background field it is hard to define what do we mean by the 5"- 
matrix and the amplitude. The photon is defined uniquely because it doesn't interact 
with external field, but there are problems with electrons. In the papers [11, 12] the 
(S-matrix was constructed for the case of the background fields. 

Let us consider the amplitude of the process where electron with momentum p 
radiates photon with momentum q: 

{O,out\a^p- {^j d^x^^L^^ flp |0,in), (15) 

where (3^ - is the photon annihilation operator, (0, out| - is the out vacuum state, which 
is defined as (O,out|a^ = (0,out|6^ = 0. 

We now write ^ and ^ in eq.(15) in terms of "out" and "in" harmonics, respectively. 
After some simple transformations one obtains [10, 11, 12]: 



(0,out|a^/5- (/ d^a;^4^) a+|0,in) = (O,out|0,in) / d^x^t^ll^^^^'^'^^t + 
+ / / (0, out|a,- a^lO, in)^+£;;7'^e^^-*,- + 

+ Id'xJ ^/5fci(0, out|a,-a+ |0, in)*," £;;7'^e^^-*; + (16) 

+ Id'xJ ^^^=(0, out|a,-6,- 6+ a+|0, in)^^,s;re"^^%,. 
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The first term in the sum on the RHS of (16) corresponds, up to the factor (0, out|0, in) 7^ 
1, to the usual amplitude of the photon radiation. The other terms appear because "out" 
and "in" vacuum states are not the same. These terms (and the factor (O,out|0,in) in 
the first term) describe the pair creation by external field. 

The tree level amplitude (16) is divergent due to infinite range of time integration. 
One can compute the corresponding cross-section, after regularization, using the optical 
theorem [11, 12]. However, to understand the issue of the IR divergences, one needs 
to deal somehow with the amplitudes themselves rather than with the cross-sections. 
What can be done in such circumstances? Let us consider one of the terms in (16) which 
corresponds to the classical radiation process. It has a characteristic contribution which 
appears in all four terms in (16) and leads to non-factorizable IR divergences. 

If one would consider the classical limit of the amplitude (16), then only some part 
of the first term will survive: the one which is not sensitive to the change of the vacuum. 
In fact, to define the classical amplitude one should consider correlation function with 
three retarded Green functions^ then amputate the external legs and substitute them 
by the mass-shell exact harmonics. The retarded Green functions are classical objects: 
these functions are not sensitive to the choice of the vacuum because they are derived 
from the c-numbered commutators of the fields. It is worth stressing here that after the 
amputation of the external retarded propagators we still have an ambiguity in the choice 
of which type of the free harmonics we should substitute instead of the propagators: 
everywhere in- or out-harmonics, or in-harmonics for the incoming waves, while out- 
harmonics for the outgoing ones. The point is that the conceptual conclusions about 
the possibility of the radiation on mass-shell do not depend on what kind of harmonics 
we will choose. 

Thus, the classical amplitude in question, which is responsible for the description of 
the radiation process on mass-shell, is proportional to: 

M{k,q;p) (X J d'x^,r^+^e;e^''\ (17) 

where "^^ i. is given in (13) and (10). 
Using (13) we can write: 

where po = '-^(p)- and fco = ci;(/c)-. 

Photon polarization vectors in Coulomb gauge are: e'* = 5f ± ^2 . Taking this fact 
into account we have: 

f^ki^fXv = 2 {xlXp + ^xlXpPs + ixlXph 

+xlXp[m{k3 - Ps) + {k+p+ - hp:,)]} (5f + e5l^), (19) 



^Two retarded Green functions in the external field for the incoming and outgoing electron 
legs, and the third one — for the outgoing photon. 
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1 2 3 ^4 ift ? 

Fig. 1: Real part of the amplitude e ^ 7 + e for the pulse background 

where e = r — s = ±1. We see that photon can be radiated only if the spin of the electron 
has been changed. Obviously this fact is related to the spin projection conservation. 

The integral (18) is divergent. After regularization, we can apply numerical methods 
to compute the integral in (18). We have computed it with several different finite limits 
of integration. The result of integration weakly depends on the change of the integration 
limits. 

Thus, numerical calculations show that unlike the case of QED without background 
fields, the amplitude (18) is not zero if p = k + q. This just ensures the obvious fact 
that electron accelerates under the action of the background field and emits photons. 

The fact that the amplitude is not zero on mass-shell gives us a gauge invariant way 
of answering affirmatively on the question about the radiation on mass-shell, which 
was formulated before the equation (15). The Fig.l shows the dependence of the real 
part of the integral (18) on ko for some fixed values of the other variables. It doesn't 
matter what are their concrete values. For the concreteness we take po = 4 and go = 1- 
Compare this discussion with the one in the introduction. 

It is worth stressing here that the amplitude (18) is not only non-zero on mass-shell, 
but as well is complex rather than pure imaginary, as it should be at the leading order 
in any theory with the unitary evolution operator. Hence, this fact rises the question to 
[9] on how in detail the unitarity condition is ensured after the regularization of the IR 
divergences. 

Now if in the amplitude like (18) one of the electron legs, say that one, which is 
with the momentum k, will be off-shell, then its virtuality A will not depend on the 
momentum q of the soft photon, because there is no simple (5-function ensuring energy 
conservation in the corresponding vertex. The same is true for the total amplitude (16). 
Note that according to the Fig. 1 the delta function which was present in the vertices 
in the theory without background fields is now smeared and as the result the virtuality 
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A of the matter particle is not directly related to the momentum q of the photon. This 
shows that there is no factorization of the IR divergences in the conditions under study. 



3 IR divergences in loops 



In this section we show what kind of consequences one obtains even at the leading 
order in the case if IR divergences do not cancel out. To see them, let us derive the 
electron Green function in the external field. Green function for the field ^(x) satisfies 
to the following equation: 

(i^+e4 + ?7i)G(x2,xi) = 5{x2,xi). 

Or in the formal operator representation: 

G=(p+m)-\ p=V + e4. (20) 

Here we understand Green function G as an operator acting on the states p is the 
usual momentum operator [1]. So the Green function is G(x2,a;i) — {x2\G\xi). 
We can write G in the integral form: 



G^-i ds{fl- m) exp - m^)s] . 



(21) 



Introducing the unitary evolution operator U{s) — exp{—iHs) — exp(ipPs), we can 
write the Green function as: 

G{x2,x,) = -i / dse-'"'''{x2{0)\fl{s) - m\xi{s)), 
Jo 

where \x{s)) = U{s)\x{0)) . 

Evolution of the operators and IS clS follows: 



ds 
ds 



-i[H,x^] =2n 



(22) 



-z[n^, H] = -2eF^,W + led-F^^ - -d^^F^Paaf: 



where Fj^^, — d^/^A^-j - is the field strength tensor and cTq^ = i[7a, 7/3]/2. 

For the simplicity we will use the matrix notation (X = ||a;;u||, H = ||n^|| etc.) for 
the operators: 



n 



-2eFn - B. 



Now we can write the solution of these equations in symbolic form. We will separate 
sectors (0, 3) and (1, 2) because matrix F has only Fg and Fq nonzero components. From 
now on we will understand the background value of F as 2 x 2 matrix with components 
only in (0, 3)-sector: 

" 



-^3 



F3 



(24) 
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Using these notations, we can write our symbolic solutions as: 

(0, 3)-sector 

n(s) = e-2^^*n(0) + — F-^B; 

X(s) - X(0) = -F-\l - e-2^^^)n(0) + -F-^Bs; 

e e 



(25) 



(1, 2)-sector 

n(s) = n(o); 

X(s) - X(0) = 2n(0)s. 

Furthermore, the transformation function {x2{0)\xi{s)) can be characterized by the 
following equations: 

ids{x'{0)\x{s)) = {x'{0)\H\x{s)); 
(id, + eA,{x)){x'{0)\x{s)) = (,x'(0)|n,(,s)|x(,s)); (26) 
{-idl + eA,{x')){x'mx{s)) = (x'(0)|n,(0)|x(.)). 

The boundary condition is: lims^o{x' {0)\x{s)) = 6{x' — x). 

To solve the first equation in (26) we need 11^ and [X(s),X(0)]: 

(0, 3) sector : 

= (X(s) - X(0))K(X(s) - X(0)) + - ^^'"^ 



sinh(eFs)^ 
eBF Btanh(eFs) 



sinh(eFs)2' w 2 \ eF 

[X(.),X(0)]^i ; (27) 

(1, 2) sector : 

n^=(x(.)-x(o))^(x(5)-x(o)), 

[X(s),X(0)] = 2is. 

Here K := e^F^ sinh(eFs)-V4- 

Now we can combine both sectors: 

<£«^^ (X.-X,t(X.-X,.-^B(X.-X,. 

1 S 

+-B tanh(e£;s)F(l + — )B + (28) 
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where K := K + A2/4s2 and 
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(29) 



For our purposes we need only terms which dominate in the IR limit 
The solution of the equation (26) is: 



exp 



-^(Xi - X2)(eEcoth(eEs)Ai - -A2)(Xi - X2) (30) 

4r S 



-— (scoth(eEs) - — log[sinh(e£;s)] ) B(Xi - X2) 
E \ eE J 



As Axq the Green function behaves as: 



G{xi — X2) (X —i I dse~ 

'0 



£'coth(e£'s) „ 1 ■? 1 , 

-7° + 27 ) Axo 



exp 



2 

„2 



X 



■-eE coth.{eEs)Axl — — ( scoth.{eEs) 

4 



(31) 



log(sinh(e£^s))\ ^ ^ „ o. 
- ^ -] e5oFo37°7^Axo 



Numerical calculations show that the Green function (31) for the fermion in the back- 
ground of the pulse electric field (1) is divergent as Axq — > 00. 

There are several points, which are worth stressing at this point. First, the Feynman 
propagator, and both the Green functions for in-in and in-out formalisms, in the 
external electric field have as well similar to (31) characteristic divergence as Axq — > 00. 
Second, as is well known, the Green function for the fermions in the theory without 
external fields is vanishing as Axq 00. Third, if the external field is magnetic. Green 
function as well is vanishing in the limit Axq — > 00. 

Because of the divergence of the Green function in question one can straightforwardly 
show that even the first loop diagrams, in the QED with the background field under 
consideration, do have IR divergences. E.g. even the electron self-energy diagram does 
have IR divergence. It is worth stressing that without background fields electron self- 
energy is IR finite. 

The divergence in question means that renormalized electron mass in the background 
electric field is infinite if the IR cutoff is taken to zero, which shows that such a 
formulation of the second quantized interacting field theory in the electric field background 
has some unavoidable problems. 

One could hope to cancel these loop IR divergences by dressing electron legs with 
photon legs [7] or by using observations of the Lee and Nauenberg [8]. However these 
procedures work only in the case when (see e.g. book of Bogolyubov and Shirkov) 



out 



S 



in 



(32) 
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but in our case this does not happen because \in) ^ \out). So we clearly see problems 
with IR divergences in the standard formulation of QFT in background fields. Similar 
conclusions one can make for the QED in the constant (in space and time) background 
electric field. Apparently the situation is similar to the one with QFT on de Sitter space 
background [2], which is, in particular, the main reason why we have considered it here. 

4 Discussion 

As we have shown above, the standard formulation of the second quantized field 
theory with the background electric fields, which are capable to create pairs, shows 
several problems. One of the main problems among them is the non-cancellation of 
the IR divergences. In particular it means that electron self-energy is IR divergent and 
there is nothing which can cancel this divergence. Because the dressing method of Bloch 
and Nordsiek does not work in the case if \in) ^ \out). IR divergent electron self-energy 
means that electron has an infinite effective mass. 

What kind of conclusions relevant for the back-reaction on the background fields 
can we draw out of these observations? Usually to take into account back-reaction it 
is tempting to act as follows [15]. To find the exact harmonics, define creation and 
annihilation operators for them, and then — define the vacuum \in, 0) corresponding to 
the absence of the positive energy exact in-harmonics. This is supposed to be the initial 
state for the problem in question. We should evolve this state with the use of the exact 
QED Hamiltonian in the background field. This way it is tempting to define the rate of 
the decay of the background field as follows [15]. One should find the evolution of the 
initial state in question: 

Or one could use the functional integral counterpart of this wave functional. Here t = 
is the moment when the constant background electric field was set up, t is the moment 
of observation, Hqed{E) is the full QED Hamiltonian corresponding to the exact 
harmonics, i.e. formulated in the background electric field E. Then one can use this 
wave functional to find the created background electric charge whose field compensates 
the originally present background electric field [15]. This so called Schwinger's in-in 
formalism in background fields is applicable only in the case if E is changing slowly in 
time, i.e. when there is a slow pair production rate otherwise we can not use the exact 
harmonics in fixed background field. 

We see that Te^*^" '^'^^^'■'^^ is a non-unitary evolution operator in the case of 
the background field carrying infinite amount of energy. But in general, even if the 
background field creates a finite number of pairs, the QED with the Te~'^ ^o^QBD{E)dt 
evolution operator is an ill defined theory due to the problems with the IR divergences 
if the time range is taken to infinity. The Schwinger's method is widely believed to cure 
out these problems, because it deals with the finite time range [O.t]. 

However, our point here is that using the exact harmonics over background fields 
in calculations of correlation functions of interacting field theories, one actually deals 
with non-closed systems and, as the result, obtains various problems. In particular the 
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Schwinger's method can not be applied when, the initial value of E is much bigger than 
the Schwinger's critical value and there is a cascade of pair creation. The way out is to 
close somehow the system under consideration. How to do that? 

For the QED in the background electric field one can do the following. Let |0) be 
the Fock vacuum state in QED without any background fields. To obtain the coherent 
state which corresponds to the background field E{x), we act on the vacuum by the 
shift operator: 



1^) = exp 



'I 



d^xE{x) A{x) 



|0). 



(34) 



Here E{x) is the background field whose only non-zero component is, say, E^ = E{x). 
It is easy to see that: 

{E\F^,\E)^E{x). (35) 
To find the decay rate of the background field we should find the evolution of the state 

— * 

\E) in time. As the result: 



E{x,t) 



E 



E 



(36) 



where Hqed is the full interacting QED Hamiltonian without any background fields. 
I.e. one should always expand around the eventual stable vacuum configuration. The 
VEV in question will be calculated elsewhere [16]. 
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